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ON GRADED SEMI-PRIME RINGS

RASHID ABU-DAWWAS

ABSTRACT. Let G be a group with identity e and let R be a G-graded
ring . In this article, we study the concept of graded semi-prime rings
and we give some results on this concept. For example, we prove that
if R is graded semi-prime and I is a graded ideal of R, then the set
of all left annihilators of I equals the set of all right annihilators of I.
Also, we prove that certain subsets should lie in the center of the graded
semi-prime ring R.
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1. INTRODUCTION

Let G be a group with identity e and R be a ring with unity 1. Then
R is called a G-graded (or gr-ring) if there exist additive subgroups R, of R
indexed by the elements g € G such that R = @gEG Ry and RyRj, C Ry
for all g,h € G. The elements of R, are called homogeneous of degree g
and all the homogeneous elements of R are denoted by h(R). If x € R,
then z can be written uniquely as dec x4, where x4 is the component of
x in Ry. Moreover, R, is a subring of R and 1 € R.. Let I be an ideal of
R. Then I is called G-graded ideal if I = EBgeG([ NRy), ie., if x € I and
T =) e Tg, then 74 € I for all g € G. Left and right G-graded ideals are
defined analogously. An ideal of a G-graded ring need not be G-graded. To
see this, consider R = Z[i] and G = Z3. Then R is G-graded by Ry = Z and
Ry =iZ. Now, I = (1 +14) is an ideal of R with 1+4 € I. If T is G-graded,
then 1 € I, so 1 = a(1 +14) for some a € R, i.e., 1 = (z+iy)(1l +14) for some
r,y €Z. Thusl=2—yand 0 =z + vy, ie, 2x = 1 and hence z = % a
contradiction. So, I is not G-graded. For more details, one can look in [2],
[3] and [4].

2. GRADED SEMI-PRIME RINGS

A gr-ring R is said to be graded prime (gr-prime) if whenever I # {0}
and J # {0} are graded ideals of R, then I.J # {0} [1]. As is trivial, the
definition above is equivalent to the statement: if aRb = {0}, then either
a =0 or b =0 where a,b € h(R). Also, this is equivalent to the statement:
A gr-ring R is gr-prime if and only if the right annihilator of a nonzero gr-
right ideal of R should be {0}. It follows that if I # {0} is a gr-left ideal
and J # {0} is a gr-right ideal in a gr-prime ring R, then I () J # {0}.

A grring R is said to be graded semi-prime (gr-semi-prime) if it has
no nonzero nilpotent gr-ideals. Graded semi-primeness like gr-primeness,
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can be characterized in terms of elements of the ring: if aRa = {0} where
a € h(R), then a = 0. We begin with an easy and useful result.

Lemma 2.1. If R is a gr-prime ring with no nonzero nilpotent homogeneous
elements, then R has no homogeneous zero divisors.

Proof. Let a,b € h(R) such that ab = 0. Then (ba)? = (ba)(ba) = b(ab)a = 0
and then by assumption ba = 0. Let x € R. Then z = deG x4. For any
g € G, (axgh)? = (axgb)(azyb) = axg(ba)zgh = 0 and then (azgb) = 0.
So, 0 =3 cqaxgh = a(}_ cqTq)b = axb. Hence, aRb = {0}. Since R is
gr-prime, either a = 0 or b = 0. U

For gr-semi-prime rings, we have an ideal analog of Lemma 2.1:

Lemma 2.2. If R is a gr-semi-prime ring and I, J are gr-ideals of R such
that I.J = {0}, then JI = {0}.

Proof. Since IJ = {0}, (JI)? = (JI).(JI) = J(IJ)I = {0} and since R is
gr-semi-prime, JI = {0}. O

In fact, we can say a little more. Let X be a subset of R and r(X) =
{ye R:zy=0forallz e X} and [(X) ={y € R:yxz =0forall z € X}
denote the right and the left annihilators of X, respectively. Clearly, r(X)
(I(X)) is a right (left) ideal of R. If X is a right (left) ideal, then r(X) is
an ideal. In fact, if X is a graded right (left) ideal of a graded ring R, then
r(X) (I(X)) is a graded ideal.

Lemma 2.3. Let R be a G-graded ring and X be a graded right ideal of R.
Then r(X) is a graded ideal of R.

Proof. Clearly, r(X) is an ideal of R. Let y =3 ;g € r(X) and x be a
homogeneous element of X. Then zy — deG xyy = 0. This implies that
xyy = 0 for all g € G. Since y, annihilates every homogeneous element in

X and X is generated by homogeneous elements, we have y, € r(X) for all
g € G. Hence r(X) is a graded ideal of R. O

Similarly, one can prove that if X is a graded left ideal of a graded ring
R, then [(X) is a graded ideal of R.

Theorem 2.4. If R is a gr-semi-prime ring and I is a gr-ideal of R, then
r(I)=1(I).

Proof. Let J = r(I)I. Then J is a gr-ideal of R and J? = r(I)[.r(I)I =
r(I).(Ir(I)).I = {0} and then J = {0}. That is, r(I)I = {0} and so
r(I) C I(I). Similarly, I(I) C r(I), hence we conclude that »(I) =I(I). O

Theorem 2.5. If R is a gr-semi-prime ring and I is a gr-ideal of R, then

I r(I) = {0}.

Proof. INr(I) is a gr-ideal of R and (I (r(I))? C Ir(I) = {0}. Therefore,

INr(I) = {0}. O
Let R be a G-graded ring and g € G. Then R is said to be g-semi-prime

if whenever a € R, such that aRya = {0}, then a = 0. Every graded domain
R= ®geG R, is a g-semi-prime for R, # 0.
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Proposition 2.6. Let R be a G-graded ring and g € G. Suppose R is a
g-semi-prime and a € R, satisfies a(ay — ya) = 0 for all y € Ry;. Then
a € Z(R.) (the center of the subring Re).

Proof. Let x € Ry and r € R.. Then a(a(zr) — (xr)a) = 0. However,
a(zr) — (zr)a = (ax — za)r +z(ar — ra) and then 0 = a(az — za)r + ax(ar —
ra) and since a(ax — xza) = 0, ax(ar — ra) = 0 for all x € Ry, that is
aRg(ar — ra) = {0}. But this gives that (ar — ra)Rg(ar — ra) = {0}. Since
R is g-semi-prime, ar — ra = 0 for all r € R, and hence a € Z(R,). O

From Proposition 2.6, we can state a series of results.

Theorem 2.7. Let R be a gr-prime ring and a € h(R) centralizes a non-zero
gr-right ideal of R. Then a € Z(R).

Proof. Let I be the nonzero gr-right ideal of R that is centralized by a. Let
z € h(R) and r € I. Then rx € I and a(rz) = (rz)a. But ar = ra, so
r(ax —za) = 0 which is I (axz —za) = {0} for all z € h(R). Since I is nonzero
and R is gr-prime, ax = za for all x € h(R). Hence, a € Z(R). O

We now show that in any gr-ring, the annihilator of a large set of com-
mutators is a gr-ideal of that gr-ring.

Lemma 2.8. Let R be a gr-ring and let u € h(R). If Vy={a =3} cqa4 €
R :ag(ux —2u) = 0 for all z € h(R) and g € G}, then V,, is a gr-ideal of
R.

Proof. 1t is easily checked that if a,b € V,,, then a — b € V,,. It is also clear
that V, is a left ideal of R. We show that V, is a right ideal of R. Let
a €V, and z,r € h(R). Then a(u(rz) — (rx)u) = 0. But u(rz) — (re)u =
(ur — ru)x + r(uz — zu). Hence, 0 = a(ur — ru)x + ar(ux — zu) that is
ar(uz — zu) = 0. Hence, ar € V,, for every r € h(R). Since V;, is closed
under addition, this implies that V;, is a right ideal of R. So V,, is an ideal
of R. Clearly, V,, is a graded ideal of R by definition. O

As an immediate consequence we have:

Theorem 2.9. Let R be a gr-prime ring and u € h(R). If V;, # 0, then
u € Z(R).

Proof. By Lemma 2.8, V,, is a gr-ideal of R. By definition of V,,, uz — zu €
r(Vy) for all z € h(R). Since R is gr-prime, V,r(V,) = 0 implies r(V,) =0
and so uz = zu for all z € h(R). This implies that u € Z(R). O

The center of a gr-ring is, after all, the set of homogeneous elements
commuting with all homogeneous elements of the gr-ring. For gr-semi-prime
rings we can show that centralizing a somewhat smaller part of the gr-ring
already forces membership in the center. The result we prove below is one
of a large class of results of this nature which can be proved.

Theorem 2.10. Let R be a gr-semi-prime ring and suppose that a € h(R)
centralizes all commutators xy — yz, x,y € h(R). Then a € Z(R).
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Proof. Let x,y € h(R). Then since z(ya) — (ya)z is a commutator, a should
commute with z(ya) — (ya)z. But z(ya) — (ya)x = (zy — yz)a+ y(za — ax).
By assumption, a commutes with the left side and the first term of the right
side of this last relation. The net result is that a should commute with
y(ra — az) for all z,y € h(R). This gives us that (ya — ay)(za — ax) = 0 for
all z,y € h(R). If V, = {r € h(R) : r(za — az) = 0 for all z € h(R)}, then
by Lemma 2.8, V, is a gr-ideal of R and by the above, ya — ay € V, for all
y € h(R). On the other hand, from the definition of V,, all ya — ay € r(V,)
and hence all ya — ay € r(V,) () V. Since R is gr-semi-prime, r(V,) (Vo =
{0} and hence ya — ay =0 for all y € h(R), i.e., a € Z(R). O
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